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We investigate the arguments recently given by Jauch and Piron that quantal proposition sys-
tems form a complete atomic lattice. Our analysis shows that the reasoning of these authors can 
not establish the intended result. 

1. Introduction 

In recent years great efforts have been under-
taken to axiomatize quantum mechanics (QM) in 
the frame of the proposition calculus1>2. This re-
search aims to deduce QM from a series of simpler 
and physically well established principles and to 
clear up to what extend the Hilbert space formalism 
of QM is uniquely determined by experience — or 
what other mathematical structures could be used 
to formulate QM. The justification of the Hilbert 
space formalism of QM on the basis of the propo-
sition calculus is composed of two parts. The first 
part consists in elucidating the abstract lattice 
structure of quantum-mechanical (qm) proposition 
systems and in tracing back its characteristics to 
physical principles well confirmed by experience1'4; 
the second part deals with the mathematical re-
presentation of qm propositions by closed linear 
subspaces of an appropriate vector space and aims 
to justify the distinction of the Hilbert space as the 
only admissible representation space4 '5-6. In both 
parts one still faces open questions and essential 
characteristics of the Hilbert space formalism of 
QM are still lacking a convincing experimental con-
firmation. 

Now, in a recent paper7, JAUCH and PTRON have 
tried to substantiate the vital lattice-theoretic 
properties of quantal proposition systems by means 
of new proof-ideas and relying on the (partly) new 
hypothesis that every qm object is always in a ho-
mogeneous state whereas nonhomogeneous states 
represent only ensembles of qm objects as a whole 

(in the sense of macro-states)^. In detail, Jauch and 
Piron made the following considerations. 

(a) By an explicit instruction for combining spe-
cial experiments, they try to prove that the propo-
sitions of a qm system form a complete lattice. 

(b) They define a state concept for QM without 
recourse to probabilistic concepts. 

(c) From the considerations (a) and (b) and the 
new state hypothesis they derive the atomicity of 
the proposition lattice. 

(d) Finally, Jauch and Piron try to derive the 
covering law for quantal proposition systems from 
additional assumptions about the existence of ideal 
measurements of the first kind. 

The present paper examines, by analysing the 
points (a) to (c), to what extent the reasonings of 
Ref. 7 really substantiate the asserted lattice struc-
ture of quanta! proposition systems9. For this 
purpose we accept, disputandi causa, the new state 
hypothesis though this author does not believe in 
an experimental decision in favour of this hypo-
thesis as far as it contradicts QM. Our analysis 
leads to the result that the argumentation of Ref.7 

fails to show that the propositions (0-1-observables) 
of a qm system form a complete, atomic lattice. 
Moreover it turns out that a "probability-free" in-
troduction of homogeneous quantum states must 
be founded on different basic concepts than those 
used in Ref. 7. 

2. The Assumptions of Jauch and Piron 

To keep the present paper self-contained, we will 
first repeat the concepts, considerations and as-
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sumptions of Ref. 7 which are necessary for our in-
vestigation. 

In their axiomatic construction of the qm pro-
position calculus, Jauch and Piron start from two 
basic concepts: (1) the Yes-No-Experiment (YNE) 
which can be performed on qm systems and which 
allows only one of the two outcomes yes or no, and 
(2) the predicate "the YNE a is true" which means 
that (in a given situation) the YNE a yields the re-
sult yes with certainty and whose extension is as-
sumed to be well determined in all situations. We 
denote YNEs by small greek letters and the set of 
all YNEs by Q. In accordance with 7 we make the 
following assumption. 

1) To every YNE a e Q, Q contains also the 
inverse YNE y.v resulting from a by permuting the 
indicators yes and no. In addition, Q contains the 
"trivial" YNE I and the „absurd" YNE 0 which 
always yield the result yes or no respectively and 
which are related by Iv — 0 and 0r = I . 

By an operative combination of arbitrarily given 
YNEs ai, . . . , aw of Q, Jauch and Piron introduce 

n 
new YNEs: The YNE f ] aj consists in choosing first 

i=i 
one of the n YNEs a* at random and in performing the 
selected YNE directly thereafter. In an idealizing 
generalisation of this construction, Jauch and Piron 
now make an assumption which is vital for their 
reasoning. 

(As 2) Let {a m ; m e M] be an arbitrary set of 
YNEs of Q ; then the YNE [~[ ot.m is also contained 
iriü. meM 

From the construction of these "product-YNEs" 
it follows that 

( N < * « ) ' = 
meM meM 

By means of the predicate 'a is true', Jauch and 
Piron then introduce a partial preorder relation 

< in Q, defining 

a < ß :o (a is true => ß is true). (2.1) 

This partial preorder relation entails the equiva-
lence relation 

a ~ : o (a < and ß < a) (2.2) 

and induces a partition of Q in equivalence classes 
a : = <a> : = {yeQ-,y ~ a} . We call these equiv-
alence classes Jaucli-Piron-propositions (JPPs)10 

and denote the JPPs by small latin letters and the 

set of all JPPs by Finally, the partial preorder 
relation < induces a partial order relation 

acb:o{3aea)(3ßeb)x<ß (2.3) 

in JSP. It follows from (As 2) that, for an arbitrary 
set {am ; m e M) of YNEs of Q, the JPP < U am> 

meM 
is element of <5?, is independent of the selected re-
presentatives am of the equivalence classes am 

= <arn) and is the c-infimum of the set {am; m e M}; 
hence we get 

< II a O T )=P|<a m > . (2.4) 
meM meM 

One can also show that the element f̂ J x exists (Vm)amcx 

in and is the c-supremum of the set {am ; 
m e M ) . So we arrive at 

Theorem 1. (J5f, n , u ) is a complete lattice. 
Obviously, the predicate 'a is true' is a ~-class 

property and hence can be stated directly of JPPs. 
In accordance with their new state hypothesis, 
Jauch and Piron now define the state of a qm sys-
tem as the set S := {x E ; x is true} of all JPPs 
which are true (in the situation referred to), and 
about these states they make the following as-
sumptions. 

(As 3) All states are equally "detailed", that is: 
Si Q. S2 => Si = S2. 

(As 4) For any x e , x 4= <(0), there exists at 
least one state S with x e S. 

From the above definitions and assumptions one 
immediately gets further properties of these states: 

xeS,xcy^yeS, (2.5) 

xeS, yeS => x n yeS, (2.6) 

(VmeM)xmeS ^ f}xmeS, (2.6') 
meM 

(VS)<0> <££,< />6S. (2.7) 

(As 3), (As 4) and Eq. (2.6') yield 
Theorem 2. (££, U, n ) is atomic and, for all states 

S, the JPP is an atom contained in S. 
xeS 

Definition. We denote two elements a, b, as com-
patible complements of each other if they satisfy 
the conditions 

aKj b = </>, a nb = <0>, (3cn e a) y.r eb. 

In accordance with 7, we finally make the fol-
lowing assumptions. 



(As 5) To every JPP x e there exists exactly 
one compatible complement x' in . 

6) If a c b, then the sublattice generated by 
a,a', b,b' is Boolean. 

Corollary11 (As 5) and (As 6) imply the otho-
modularity of the lattice U, Pi, ' ) . 

3. Objections 

Provided that all assumptions of Sect. 2 could be 
verified and all concepts based thereupon would be 
adequate to QM, then the above results would vir-
tually establish the lattice structure of the propo-
sition system of QM. But the following two objec-
tions show that the considerations of the last section 
can not accomplish such a substantiation. 

First Objection. The relation < introduced in 
Sect. 2 is not equivalent to the partial preorder re-
lation between YNEs existing in QM. Hence the 
JPPs defined as ~ -equivalence classes of YNEs 
can not be interpreted as observables of QM. 

Argument \A. Four our first argument we in-
troduce the concept of the expectation value E (a, JI) 
of a Y N E a performed on an object with the pre-
paration n . In QM, all YNEs have well determined 
expectation values depending on the preparation of 
the object, and the partial preorder relation • and 
the equivalence relation CZ3 between YNEs, valid in 
QM, are given by the equations 

a d ß :O (Vn) E (OL, JI) ^E(ß,JI), ( 3 . 1 ) 

oiCDßio (VJI) E (a, JI) = E (ß, TT) . (3.2) 

But since the predicate 'a is true'' (relative to the 
preparation JI) is equivalent to E (a, N) = 1, both 
the two partial preorder relations • and the 
corresponding equivalence relations ~ , • differ 
clearly as can be seen in the following examples12. 

\ V ' / w / 
i \ y 

Fig . 1. T w o expectat ion value functions E{a, •) and E(ß, •) 
are plotted over their domain 2 • 

Example (1). Let us denote the set of all homo-
geneous preparations of a given object by 2 5 then 
the assumptions of Jauch and Piron cover also the 
case described in Fig. 1 where we have on one hand 

(VTT E 2 ) (E (A, TT) = 1 => E (ß,n) = 1 ) , ( 3 . 3 ) 

or equivalently a < ß , but 

(VJI e A) E (A, TI) > E(ß,JT) ( 3 . 4 ) 

on the other. 

Example (2). In analogy to the combination 
a • ß introduced in Sect. 2, we construct a whole 
family of similar measuring devices. The Y N E 
a [u,v] ß with u,ve(0,1), u -f- v = 1 consists of two 
steps: First a "stochastic decision mechanism" 
with two outcomes of the probabilities u and v 
decides between the YNEs a and ß; subsequently 
the selected Y N E is performed. This construction 
implies the relations 

(Vw, v) a \u, v] ß - a fl ß = a • ß (3.5) 

and 

( V W , v, TI)E(OL[U,V] ß,JI) = UE(QL,JI) + vE(ß,JI)\ 

(3-6) 
but according to Eq. (3.6), the equation 

(VU,V)OL[U, v]ßüZ]<X- ß, 

analogous to Eq. (3.5), is wrong. 

Example (3). We consider two arbitrary YNEs 
a, ß and a preparation JI subject to the only condi-
tion E(tx,ji) 4 - -E(ß,n) . If we assume, without loss 
of generality, E(CC,JZ) < E(ß,n), then we get 

E(*-ß,n) = %E(<x,7i) + \E(ß, TI) I E (ex., JI); (3.7) 

but on the other hand we have per construction 
a - ß < o c . 

Example (4). From the construction of the YNEs 
a • ß and <xv, it follows that 

(\OL,ji)E(O.'U.\TI) = (3.8) 

This yields immediately 

a - a " = a " - a ~ 0 (3.9) 

whereas the analogical equation a • a" tZU 0 is ob-
viously wrong. 

The Examples (3) and (4) are, in contrast to the 
Examples (1) and (2), not only covered but ex-
plicitly required by the assumptions of Sect. 2 and 
hence show especially clear the discrepancy be-
tween the pairs of relations < , ~ and C , ' I-



Argument 1 B. The involution a - » a r is an ortho-
complementation of the partial preorder (Q, Q) but 
not of the partial preorder (Q, < ) as the equation 

<y.<ßo<x.v>ßv (3.10) 

is in general not correct (see Example (1)). In 
particular the relation 

a. ~ ß oa.v ~ ßv, (3.11) 

self-evident for all YNEs corresponding to 0-1-
observables, is not valid in (Q, < , v ) as is shown by 
the following example. 

Example (5). For all a e Q, we have a • a1' ~ 0. 
But the corresponding relation (a • y.v)v ~ 0V is 
wrong because of 

( a • a v y = yv. (yvy = a r . a = a . ar (3.12) 

and / = 0V 4 / 0 . 

Second Objection. The expectation value function 
of a Y N E [7 txm differs (for \M\ > 1) so clearly 

meM 
from the expectation value functions of all 0-1-
observables of QM that the YNEs Yi can not be 

m 
interpreted as measurements of qm observables. 
Hence the existence of the YNEs Y\ am proves 

m 
nothing about the existence of dichotomic observ-
ables. 

Argument. Per construction, the expectation 
value function of the Y N E a • ß satisfies the equ-
ation 

Wn)E(vß,n) = \E{oL,7i) + \E(ß,n). (3.13) 

Now let a, ß be two YNEs associated by QM to the 
projection operators P a , Pß, and let us assume 
that there exists a 0-1-observable which is measured 
by a • ß and represented by a projection operator 
Pa.ß . If we consider in particular the homogeneous 
preparations described in QM by state vectors, then 
the Eq. (3.13) yields, according to QM, 

(Vy) <y>\Pa.ß\v> = l<y>\P*\v> + t<y>\Pß\v>. 

But since in case of P a 4= Pß no projection operator 
Pa.ß satisfies this equation, the Y N E a • ß does not 
measure any qm observable13. 

The above objections demonstrate that the sys-
tem of JPPs developped in Ref . 7 can not serve as a 
part of an axiomatic construction of QM. This result, 
on the other side, raises the question what physic-
ally correct interpretation can be given to the ele-

gant and mathematically consistent axiom system 
of Sect. 2 and how the system of JPPs is related to 
QM. Now, a reflection upon the physical signi-
ficance of the JPPs shows that the JPPs are very 
similar to if not identical with the "propositions" 
on which BIKKHOFF14 based his review of "quan-
tum logic" and which he interpreted as "predictions 
with certainty ( = probability one)" of the form 
ipeL-p where xp denotes a state vector and Lp the 
eigenspace of the projection operator P. For two 
YNEs a, ß are ~ -equivalent if and only if they do 
not differ in the property is true', i.e. with regard 
to a certain positive outcome; all the other prop-
erties of a and ß however, and in particular the ex-
pectation values of measurements with an uncer-
tain outcome, are left out of account by the rela-
tions < and ~ . 

If one realizes this meaning of the JPPs, then the 
considerations of Ref. 7 receive a new and convinc-
ing import: they deal with axiomatizing the certain 
predictions occuring in QM. In particular, the Y N E 
a • ß can now be interpreted without hesitation as a 
measuring device of the conjunction of the two 
certain predictions <(a) and <(/?>; for a and ß yield 
both a positive result with certainty if and only if 
a - ß does so, too1 5 . Hence Ref. 7 actually proves 
that the certain predictions occuring in QM form a 
lattice (and even a complete atomic lattice if one 
accepts the new state hypothesis and the idealisa-
tion of a random choice from an arbitrary large set). 
But since JPPs are not qm observables, this result 
does not have the consequences intended by Jauch 
and Piron for the extension and structure of the set 
of all qm 0-1-observables and thus does not contri-
bute to the substantiation of the lattice structure of 
QM. It is, for example, easily possible that two 
0-1-observables D, represented in QM by the 
projection operators P,Q, can be measured by 
means of the YNEs a, ß but that no Y N E is known 
which permits the measurement of the observable 
^ n G corresponding to the projection operator 
PAQ; on the other hand, the Y N E a • ß exists 
independently of the possibility to measure f n C 
and allows one to ascertain whether the observables 
^ and D are both true. 

4. Discussion 

In the last section it has been shown that any 
axiomatic construction of QM based on the pro-



positional calculus has to avoid the two objections 
made above .Hence we will consider in the following 
whether and how far our objections can be overcome 
by a modification of the assumptions of Ref. 7. 

Let us begin with the second objection. Does 
there exist a general construction plan for a (re-
alizable) combination of two YNEs which permits 
us to measure the genuine quantum mechanical con-
jugation of the corresponding 0-1-observables ? A 
general impossibility-proof of such a construction 
plan seems without prospects. But though we know 
of approximate constructions16, we can give a ne-
gative answer in part: As will be shown, there 
exists no construction plan (operative definition) 
for YNEs a * ß which (1) measure the qm conju-
gation of the 0-1-observables measured by a and ß 
and which (2) consist, similar to a • ß, of two steps 
the first of which makes a decision between a and ß 
on a given method while the second consists of per-
forming the selected YNE. For such a plan would 
imply the existence of a function 0 with the pro-
perty 

(Va, ß, 7i)E(oL*ß,n) = 0 [a, ß, E (a, n), E (ß, n)}. 
(4.1) 

But as the following example shows, this equation 
can not be satisfied for all YNEs and preparations 
considered in QM. 

Example (6). Let J f be a separable Hilbert space 
of at least four dimensions, let R\, . . . , i?4 be four 
orthogonal projection operators of J f and Oj 
normed eigenvectors of Rj. We consider further two 
YNEs a and ß corresponding to the projection 
operators P a : = Ri + i?2 and Pß : = R± + i?3 and 
two homogeneous preparations 7i\, jr2 which cor-
respond to the state vectors 

V>I:=(2|ci|2 + 2|C2|2)-* 
{ C I 0 1 + C 2 Qz + C2 (?3 + Ci £>4} , 

^ 2 : = ( 2 | c i | 2 + 2|C2|2)-* 
{c2 Qi + C1Q2 + Cl £3 + C2 £4} 

with ci, c2 e R, c\ 4= c2 . Now, if a * ß would cor-
respond to the qm conjugation P a A Pß = R\, then 
it must hold in particular for i = 1,2 

I P a A Pß I yt} 
= 0 [a, ß, I Pa I y>i>, <y>i I Pß I Y*>] • (4.2) 

But these equations can not be satisfied because of 
I 1 V1) ^ I -^l I Vz) o n o n e hand and 

<^1 I Py I yi) — <y>2 I Py j y2> for y = a, ß on the 
other. Hence, to this authors knowledge, the second 
objection can only be overcome by excluding the 
YNEs J~[ ai "without compensation" from the set 

i 

of YNEs which correspond to 0-1-observables. 
The Argument IB for the first objection can 

easily be overcome by subjecting the elements of Q 
to the supplementary condition 

r j . < ß o ß v < a . v (4.3) 

well confirmed by experiment. 
If the axiom system of Sect. 2 is modified, ac-

cording to the above considerations, by the addi-
tional postulate (4.3) and by eliminating YNEs like 

cc(, then the "concrete" Examples (2) to (5) are 
i 

cancelled automaticly and the first objection can 
further rely only on "formal" examples like that of 
Fig. 2 which are covered but no longer implied by 

E(a,-f\\ 
\ 
\\ 

SX 
Fig. 2. In contrast to Fig. 1, here both a < ß and ßv < a" 

hold true. 

the modified assumptions. Now, these examples 
with the property 

(3 a,ß,Jt) E (a, TC) > E (ß, n) and a < ß (4.4) 

suggest the following argument: If one restricts 
oneself to such YNEs and preparations which are 
relevant for QM by corresponding to projection 
operators and state operators respectively, then the 
two partial preorder relations < and • are known 
to be equivalent. In consequence, all examples with 
the property (4.4) disagree quantitatively with QM 
and it should hence be possible to annul them, too, 
by further assumptions. 

This argument is certainly true; but as the fol-
lowing example shows, a definite exclusion of all 
models of the modified assumptions which disagree 
with QM can not be achieved by further conditions 
on the structure of (=£?, c , ' ) alone but only by taking 
in addition the expectation values of the YNEs into 
account. 



Example (7). We consider a separable Hilbert 
space and denote the set of its projection operators 
by the set of its elementary projection operators 
by $ , the identity (zero) operator by 1 (0) and 

1} by Next we introduce the set 
ß i : = ( ^ o X { a , b } ) u { 0 , l } 

= {Qr;Qe^0,re{o,b}}u{0,l} 

and the function E\ \ [0, 1] given by 

(VP e <a) Ei (0, P) = 0 , E1(1,F) = 1 

F IQ i f r = = a 
' (Tr{QP) + i s i n [ 2 7 r T r ( Q P ) ] U r = b . 

In Qi we define an involution a - > aVl by 

lt = o, 0*1 = 1, Q? = (l-Q)r 

and two partial preorder relations < i and C i by 

a < i ß :o (VP e i) (Ei (a, P ) = 1 => Ex (ß, P) = 1) 

and 

a C i ß :o (VPs <?) Ei (a, P ) ^ Ei (ß, P). 

Obviously, the tripel (Qi, < i , V l ) is a model of our 
modified axiom system. In addition, Example (7) 
has some interesting properties for our discussion: 

(a) The orthocomplemented partial ordering 
(<5?i, Ci, which results from (Qi, <Ci,Vl) by pas-
sing over to ~ i-equivalence classes in analogy to 
Sect. 2, is isomorphic to the lattice of all closed 
linear subspaces of a separable Hilbert space and 
thus complies already with all requirements which 
can reasonably be made on the lattice structure of 
the propositions in the frame of an axiomatic con-
struction of QM. 

(b) On the other hand, Example (7) satisfies 
Eq. (4.4) and neither the relations < i and d i nor 
the relations ~ i and CUi are equivalent. And as 
long as the expectation value Ei is not a ~ i-class-
function, the equivalence between d i and < i can 
not be enforced by further requirements on (=£?i, 
c i , l l ) . 

Therefore, if one wants to found the axiomatic 
construction of QM on the partial preorder (Ü, < ) 
as the basic concept and to define the propositions 
as ~ -equivalence classes, then one has also to 
introduce the expectation value of YNEs in order 
to guarantee that it is a ~ -class function; otherwise 
one does not arrive at the correct proposition con-
cept. A "probability-free" definition of (homo-

geneous) quantum states consequently requires one 
to start from different basis concepts, e.g. to take 
the proposition as a primitive concept (which means 
remove the abstraction from the YNEs to the pro-
positions into the physical interpretation of the 
primitive term "proposition")17. 

Thus we have shown how the assumptions of 
Ref. 7 must be changed in order to become accept-
able as part of an axiomatic construction of QM. 
These changes, however, destroy most of the re-
sults which Jauch and Piron have deduced from 
their assumptions. 

Remark. The concrete examples given in Sect. 3 
in support of the two objections partly presuppose 
a special (though very plausible) interpretation of 
the verbal construction plan of the YNE a • ß; ac-
cording to this interpretation, the selection of a 
and of ß in the first phase of the YNE oc • ß have 
the same probability which implies 

(VTT) E(aL-ß,n) = bE(x,n) + %E (ß, n). (3.13) 

Now, in a discussion on the first version of this 
paper, Dr. M. DRIESCHNER has pointed out that 
this interpretation of the YNE a • ß may be too 
narrow, and he asked the question to what extent 
the two objections of Sect. 3 depend on this special 
interpretation and what changes if the "at random-
selection" is interpreted as an "arbitrary" selection. 

As will be shown right away, the interpretation of 
the construction plan of the YNE a • ß does not affect 
the results of the present paper. If the introduction 
of YNEs and the use of the term "experiment" for 
the process oc • ß should make sense, then the "at 
random-selection" between a and ß must satisfy, in 
this authors opinion, at least two conditions: 

(a) The YNE a • ß should be reproducible and 
should lead to a verifiable result. Accordingly, the 
method of selection between a and ß should cause 
a well-determined expectation value E (a • ß, ii), 
and this implies the existence of a function 0 with 
the property 

(VTT,A, ß)E(«.-ß,n) = 0[x,ß,E(<x,n),E(ß,n)]. 
(4.5) 

(b) For all YNEs a • ß with a * ß, the method of 
selection between a and ß should take into consider-
ation both YNEs with a non-zero probability: 

(V?R) [E (a, n) 4= E(ß,n) => 
min {E (a, n), E (ß, n)} <E( x-ß,n) (4.6) 
<max {E (x,7i), E (ß,n)}]. 



I f we now assume, instead of Eq. (3.13), only the 
two conditions (4.5) and (4.6), then some equations 
in the examples of Sect. 3 must be modified. In 
detail, the following modifications would be neces-
sary: 

Eq. (3.5) — (Vu,v)<x[u,v]ß ~ z-ß, (3.5)* 

Eq. (3.7) — E(x-ß,n) %E{<x,n), (3.7)* 

Eq. (3.8) — ( V O L , J I ) E { O L - O I » , 7 I ) % 0 , (3.8)* 

Eq. (3.9) — a - a " ~ a " - a ~ 0 (3.9)* 

Eq. (3.12) — (a • a")" = a" • a ~ a • a" , (3.12)* 

Eq. ( 3 . 1 3 ) — E q . (4.5); 

in addition, the refutation of Eq. (3.13) would have 
to be replaced by Example (6) which shows that 
Eq. (4.5) can not be satisfied in general; and finally, 
one would have to omit the discussion of the second 
objection in Section 4. 

It is obvious that these modifications do not in-
jure the arguments given by the examples in ques-
tion. A fortiori, our objections do not depend on 
the particular interpretation of the construction of 
the Y N E a • ß . Just as little is the need for intro-
ducing the expectation value of the YNEs affected 
by the scope of interpretation for the Y N E a • ß . 

5. Summary 

Our analysis of the substantiation of the quantal 
proposition calcules given in 7 has led to the fol-
lowing results. 

1) The JPPs defined in 7 can not be interpreted as 
qm observables because of essentially different 
characteristics. In consequence, the Theorems 1 
and 2 of Sect. 2 imply nothing about the extension 
and structure of the set of all 0-1-observables of a 
qm system. 

2) In order to be able to interpret the equivalence 
classes of YNEs as qm observables, essential changes 
in the axiom system of Jauch and Piron are neces-
sary; in particular, the "product-YNEs" J~] a* must 

i 
be excluded from the set of YNEs taken into ac-
count. But this exclusion automaticly annuls the 
argument of Ref. 7 for the lattice structure of the 
set of all 0-1-observables of a qm system, not to 
speak of the completeness of this lattice. And since 
the atomicity of the JPP-lattice was deduced in 7 

from its completeness, the argument for the atomic-

ity of the lattice of the 0-1-observables in QM is also 
cancelled — and that independently of the new 
state hypothesis erected in 7. 

3) Finally we have seen that an axiomatic con-
struction of QM which aims to define the 0-1-ob-
servables of QM as ~ -equivalence classes of YNEs, 
can not avoid probabilistic concepts for this end. 
Hence a probability-free introduction of the homo-
geneous quantum states has to start from different 
basic concepts. 

In conclusion we must state that important fea-
tures of the qm proposition calculus still lack an 
immediate physical substantiation. 

Appendix 

The strengthening of Axiom C, referred to in Foot-
note11, is necessary in order to guarantee the ortho-
complementation of u , n , ' ) asserted by Jauch 
and Piron. For the retention of Axiom C which 
allows several compatible complements to every 
element of ££? requires either to show that the 
entirety of all assumptions of 7 yet permits only 
one compatible complement to every element of & 
or to pick out arbitrarily to every element x e ££ 
one example from the set of all compatible comple-
ments of x in order that the formulation of Axiom 
P becomes meaningful at all. But as we will see in 
the following example, the assumptions (As 1) to 
(As 4) and the Axioms P and C permit in fact se-
veral compatible complements to an element of ££ 
and, moreover, they do not even guarantee that 
(JS?, u , n ) is orthocomplementable. Hence, in order to 
secure the vital and experimentally confirmed ortho-
complementation of quantal proposition systems, 
we have strengthened Axiom C to (As 5). 

Example (8). As the set Qz of YNEs we choose 
the smallest set which (1) includes the six YNEs 
0, I, a, ar, ß and ßv and which (2) is closed under 
the formation of products and inverses introduced 
in (As 1) and (As 2). In Q2 we define a partial pre-
order relation < 2 and the corresponding equivalence 
relation ~ 2 by the conditions 

a ~ 2 ß and 

every two of a, OLp, ßv are <^2-%ncomparable. 

The partial ordering 2, c2 ) resulting from these 
conditions has the structure of Fig. 3 with 
= {0, 1, a, b, c } . The corresponding lattice U, 



Pi) contains exactly three pairs of compatible com-
plements, namely (a, b), (a, c) and (0, 1), and three 
states (in the sense of 7), namely Sa= { « , ! } , 

Fig . 3. T h e d iagram o f (JS?2, c 2 ) w i t h a: = <oc> = </?>, 
O: = <0>, 1: = < / > , b : = <a"> a n d c : = <£">. 

1 F o r an in troduct ion in this c o m p l e x o f p r o b l e m s a n d f o r 
further references, see : J . M . JAUCH, Foundations oj 
Quantum Mechanics, A d d i s o n - W e s l e y : R e a d i n g (Mass.) 
1968. 

2 B y a q u a n t u m - m e c h a n i c a l propos i t i on we unders tand an 
observab le wh i ch can assume o n l y one o f the va lues 0 
and 1 ( i .e . an 0 -1 -observab le ) a n d is c o r respond ing ly re-
presented in Q M b y a pro j e c t i on operator . U n f o r t u n a t e -
ly , this usage is n o t general ly a c c e p t e d ; s o m e authors use, 
also in the c o n t e x t o f QM, the t e r m " p r o p o s i t i o n " , in 
a c c o r d a n c e w i th BIRKHOFF a n d v o n NEUMANN3 , t o 
m e a n a s tatement or a pred ic t ion . W e f o l l o w the " r e -
a l i s t i c " interpretat ion wh i ch is a lso a d o p t e d b y JAUCH1 

a n d P I R O N 4 . 
3 G . BIRKHOFF a n d J . v o n NEUMANN, A n n . M a t h . 37, 823 

[ 1 9 3 6 ] . 
4 C. PIRON, H e l v . P h y s . A c t a 37, 439 [1964] , 
5 V . V AR AD AR A JAN, Geometry of Quantum Theory, V o l . 1, 

van N o s t r a n d : Pr ince ton (N.J . ) 1968. 
6 S. GUDDER and C. PIRON, J . Math . P h y s . 12, 1583 [1971] . 
7 J . M. JAUCH and C. PIRON, H e l v . P h y s . A c t a 42, 842 

[19691. 
8 This hypothesis is n e w as far as it c ontrad i c t s Q M in 

that it is c onsequent ly pos tu la ted also for the corre lated 
subsystems o f a c o m p o s e d q m s y s t e m . 

9 A n analysis o f po in t (d) is g i ven in : W . OCHS, O n the 
Cover ing L a w in Quantal Propos i t i on Systems , Comraun . 
m a t h . P h y s . 25, 245 [1972], 

1 0 I n contrast t o 7 where the ~ - e q u i v a l e n c e classes are 
s imply cal led propositions, w e in t roduce here the term 
JPP in order not t o antic ipate a result b y choos ing a w o r d . 
I t is in fac t one o f the decisive a r g u m e n t s o f this paper 
that the J P P s are n o t observables o f QM. 

1 1 W h e r e a s (As 6) is identic wi th A x i o m P o f 7 , (As 5) is 
s tronger than the corresponding a s s u m p t i o n o f 7 w h i c h 
reads : Axiom C. T o every J P P z e J * ? there exists at 
least one c o m p a t i b l e c o m p l e m e n t x'. 
A s w e will demonstra te in the a p p e n d i x , this s trengthen-
ing o f A x i o m C t o (As 5) is necessary f o r the v a l i d i t y o f 
the corol lary. 

Sb = {b, 1} and Sc = {c, 1}. If we pick out a com-
patible complement a' of a, then the assumptions 
(As 1) to (As 4) and the Axioms C and P are ob-
viously satisfied in this example whereas (As 5) is 
violated. And since has an odd number of ele-
ments, the lattice U, n ) is not orthocomple-
mentable. 

T h e author w o u l d l ike t o thank Pro f . G. SÜSSMANN and 
Dr . M . DRIESCHNER for m a n y fruitful discussions. 

1 2 B y o u r first o b j e c t i o n w e d o n ' t want t o i m p l y that J a u c h 
a n d P iron had o v e r l o o k e d the d i screpancy between the 
part ia l preorder relations < a n d our o b j e c t i o n is 
s i m p l y intended t o m a k e clear that T h e o r e m 1 ( con-
cerning the J P P s ) does not p r o v e that the 0-1-oft-
servables o f a q m sys tem fo rm a lattice. 

1 3 A fur ther o b j e c t i o n against the appl i cab i l i ty o f the Y N E s 
IT ai f o r the measurement o f q m o b s e r v a b l e s results 
i 
f r o m the f o l l owing cons iderat ion : I f a a n d ß are Y N E s 
of the first kind, then one w o u l d e x p e c t , b y reason o f the 
u n c h a n g e d character o f the measurement interact ion, 
a lso a • ß t o be an YTNE o f the first k ind . B u t o b v i o u s l y 
th is is n o t the case. 

1 4 G . BIRKHOFF, Lattices in Applied Mathematics, in : 
Proceedings of a Symposium in Pure Mathematics 2, A m . 
M a t h . Soc . 1961, p. 157. 

1 5 S imi lar considerat ions are f o u n d in : M. D . MACLAREN, 
Notes on Axioms for Quantum Mechanics, R e p o r t A N L -
7065 o f the A r g o n n e Nat ional L a b o r a t o r y [1965]. 

1 6 T h e possibi l i ty o f a p p r o x i m a t e measuring devices (e .g . 
in f o r m o f a l ternat ing filter sequences) can be seen f r o m 
t h e operator e q u a t i o n 

l i m ( ? ( P ( ? ) r a = l i m P ( ^ P ) » = P A Q. 
oo n - > oo 

1 7 I n this case, n a m e l y , one can first def ine a partial order 
re lat ion c be tween the propos i t ions b y means o f the 
pred i cate lx is true\ a n d later on , a f ter the introduct ion 
o f t h e expectation value of a proposition (or o f the general 
state), one can arrange for the t w o relations 

a is true => b is true 

and {yji)E(a,7i)^E(b,7i) 

t o b e equivalent b y means o f appropr iate requirements 
o n E (see e . g . R e f . 1 ) . 


